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Abstract 



We explore the different geometric structures that can be con- 
structed from the class of pairs of 2nd order PDE's that satisfy the 
condition of a vanishing generalized Wunschmann invariant. This 
condition arises naturally from the requirement of a vanishing torsion 
tensor. In particular, we find that from this class of PDE's we can 
obtain all four-dimensional conformal Lorentzian metrics as well as all 
Cartan normal conformal 0(4,2) connections. 

To conclude, we briefly discuss how the conformal Einstein equa- 
tions can be imposed by further restricting our class of PDE's to those 
satisfying additional differential conditions. 

1 Introduction 

This work, which deals with general relativity from a non- conventional per- 
spective, has several independent objectives. 



1 



One of them is to further demonstrate and develop the rich geometric 
structures that are buried in a large class of differential equations. Some 
of these structures have been known for a long time,P3 12 E] while other 
parts are new. Here we will concentrate on the geometry associated with 
pairs of 2nd order PDE's with two independent and one dependent variable. 
Via the emerging structure, the discussion will then be narrowed down to 
a large special class of equations that in what are referred to as the gener- 
alized Wunschmann class. We will describe the differential geometry that 
is induced by the differential equations of this class on the four- dimensional 
solution space of the PDE's. They include the existence of all Lorentzian 
conformal geometries as well as Cartan normal conformal connections. Since 
all Lorentzian conformal metrics can be constructed from some pair of 2 nd 
order PDE's, this means, in particular, that all metrics that are conformally 
related to vacuum Einstein metrics are included in this context or discussion. 

However, in order to gain perspective on this work, we point out and 
summarize similar work that was done on a considerably simpler problem, 
namely the study of the class of all 3 rd order ODE's. Cartan (3J |5J |H1 Ej and 
ChernjS] showed how to construct, from the differential equation, a triad and 
its associated connection on the three-dimensional solution space of a generic 
third order ordinary differential equation of the form 

u'" = F(u,u',u",s). (1) 

The starting problem was to study the equivalence class of equations un- 
der the group of contact transformations on the (u, u', s) space. One remark- 
able result that follows from the equivalence problem is that the equivalence 
classes of 3 rd order ODE's split into two major classes: those with a vanish- 
ing Wunschmann invariant |3] and those with a non- vanishing invariant. The 
Wunschmann invariant, I[F], a differential expression involving F and its 
derivatives in all four variables, was discovered by early workers in the theory 
of differential equations and extensively used by ChernjS]. More specifically, 
when a third order ODE satisfies I[F] =0, one shows that the solution space, 
i.e., the three-dimensional space of constants of integration, (x a ), possesses, 
directly from the differential equation, Eq.([T|. a conformal Lorentzian met- 
ric with the level surfaces of the solutions themselves, u = z(x a , s), forming 
a one parameter family of null surfaces. All members of the equivalence 
class, under contact transformations, yield the same conformal metric. The 
converse statement is also true; namely, given a three-dimensional confor- 
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mal Lorentzian space-time, from any complete solution (u = U(x a ,s) ) of 
the eikonal equation, g ab d a UdbU = 0, one can obtain a third order ODE 
(by differentiating with respect to s three times and eliminating the x a ) all 
belonging to the same equivalence class It was then shown by two dif- 
ferent methods jH El HI El E] that from the 3 rd order ODE with vanishing 
Wiinschmann invariant one could generate on the solution space a Cartan 
normal conformal connection with group 0(2, 3). The present work general- 
izes these ideas from 3 rd order ODE's to pairs of 2 nd order PDE's. 

A second objective of this work is to prepare the basic structures needed 
to code the Einstein equations (or more accurately, the conformal Einstein 
equations) into the formalism of pairs of PDE's. We first point out that there 
are two uses to the term 'conformal Einstein equations'; in one case there 
are differential equations solely for conformal classes of Lorentzian metrics 
such that there exists a conformal factor whose choice converts the class into 
a single vacuum metric that is a solution of the vacuum Einstein equations, 
in the other case, the differential equations involve both the metric and the 
needed conformal factor. Our interest, at the present, is only in the first case. 

More than twenty years ago the Null Surface Formulation of GR^UJ El 
El El E] was introduced as an alternative tool to study GR and in particu- 
lar to capture the conformal degrees of freedom. The novelty of the approach 
consisted in using null surfaces as the main variables for the theory. The sur- 
faces themselves were obtained as solutions of an integrable pair of second 
order PDE's for sections of a line-bundle over the two-sphere with a complex 
function A playing an analog role to the above F. (Here, we use S instead 
of A.) The four-dimensional solution space of these equations emerged as the 
space-time itself. An explicit algebraic method for constructing the confor- 
mal metric, on the solution space, was derived provided a certain differential 
condition on A was imposed. This condition, referred to then as the metric- 
ity condition, written as M = M[A], was essential for the formulation of 
the NSF. At the time we were not aware of the different geometric mean- 
ings of this newly discovered expression (even in the non-vanishing case) as 
a generalized Wiinschmann invariant for the second order PDE's under con- 
sideration. Explicitly, in terms of A, we were able to construct, in addition 
to the conformal metric, objects like the Weyl tensor, the Riemann tensor, 
the Levi-Civita connection, etc. Although it was not very elegant to mix the 
non-conformally invariant connections with null surfaces for the construction 
of these objects, at that time it was not clear how to produce a completely 
conformally invariant formulation of conformal GR. 



3 



In this work we try to fill this gap. Starting with the pair of PDE's that 
define our main variables and without prior assumptions of a space-time, 
we construct what is called a conformal Cartan connection on the solution 
space of these equations. A tetrad (that becomes null), defined from the 
PDE's, is introduced on the solution space. The requirement of a vanishing 
torsion uniquely fixes the associated connection and imposes a differential 
condition on the class of considered PDE's for our main variable. Further, it 
guarantees the existence of a metric on the solution space. The formalism is 
conformally covariant by construction; the non-trivial part of its curvature 
are the Weyl and generalized Cotton- York tensors. The Ricci tensor is coded 
into the Cartan normal conformal connection one-form. 

The conformal Einstein equations, in this new language, are to be differ- 
ential conditions imposed on the pair of PDE's that define the characteristic 
surfaces. They are to be found by imposing conditions on the Cartan confor- 
mal Curvature; both a cubic algebraic condition and a differential condition, 
that is equivalent to the vanishing Bach tensor. 

In section II, we describe certain preliminary ideas and review earlier 
results. Our main results are presented in section III where we show how, 
from the first Cartan structure equation, we find a conformal connection with 
the restriction on the class of considered PDE's to the so-called generalized 
Wunschmann class. Many of the explicit detailed expressions and proofs 
are relegated to Appendices due to their length. In section IV we discuss 
the second Cartan structure equation and the Cartan curvature tensors. For 
clarity, in section V we give a brief synopsis of the earlier sections. Section 
VI unifies the earlier material into a Cartan normal conformal connection. 
In the section VII, we discuss the issues of obtaining the conformal Einstein 
equations. 

2 Preliminaries 

On a 2-dimensional space with coordinates (s, s*) we consider the following 
PDE's 

Z ss — S(Z, Z s , Z s *, Z ss *, s, s*), (2) 
Z s * s * = S*(Z, Z s , Z s * , Z ss * , s, s*), 
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where the subscripts denote partial derivatives and Z is a real function of 
(s, s*). Though it would have been equally possible to treat (s, s*) as a 
pair of real variables it turns out to be more useful to consider them as 
a complex-conjugate pair. In that case the second equation is simply the 
complex-conjugate of the first equation. In the following, (*) will denote 
the complex-conjugate. By assumption, the functions S and S* satisfy the 
integrability conditions. Solutions, Z = Z(s,s*), are two-surfaces in the 
six-dimensional space, J 6 , with coordinates 

(Z,W,W*,R,s,s*) = (Z,Z s ,Z s »,Z ss ,,s,s*). (3) 

For an arbitrary function H = H(Z, W, W*, R, s, s*), the total-derivatives 
in the s and s* are 

DH = H S + WH Z + SH W + RH W * + TH R , (4) 
D*H = H s . + W*H Z + RH W + S*H W « + T*H R , (5) 



dH 

ds 
dH 

ds* 

where 



T = D*S, (6) 
T* = DS*. 

The T and T* are explicit functions of (Z,W,W*,R,s,s*) that are ob- 
tained in the following way. Letting H = S* in Eq.Q and H = S in Eq.(|5|l. 
we get two equations containing T and T* . From them, we find 

S s * + W*Sz + RSw + S*Sw* / ? \ 

ICC* ^ ' 
1 — ORD R 

| S R (S* a + WS* Z + SS* W + RS* W ,) 



1 — S R S R 

Note that the D and D* are actually the coordinate vectors e s and e s *, 
respectively. Hence, 

s * - ds* - ds* + dZ + dW + dW* + dR' 
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Often, for detailed calculations, the following identities are very useful. 
For H = H{Z, W, W*, R, s, s*) and y G {Z, W, W*, R, s, s*} 



D{Hy) = (DH), y —{S y H w + T y H R + 5w, y Hz + d~ R:V H w *), (9) 
D*(H y ) = (D*H), y —(S*H W * + T*H R + S w * :y H z + S R:y H w ), 

where 5 y ', y is the Kronecker symbol. 

With these definitions of D and D* the integrability conditions of (J2J) are 

D 2 S* = D* 2 S. (10) 
In addition, the functions S and S* are assumed to satisfy the weak inequality 

1 - S R S* R > 0. (11) 

From this inequality and the Frobenius theorem one can show|llj that the 
solutions depend on four parameters, namely x a , defining the space-time 
manifold, 9Jt 4 , as the solution space of the PDE's. We can thus write 



Z = Z(x a ,s,s*), (12) 
W = W(x a ,s,s*), 
W* = W*(x a ,s,s*), 
R = R(x a ,s,s*). 

Remark 1 The space J 6 is foliated by the integral curves of D and D* which 
are labeled by x a . The above relations can be interpreted as (s,s*) dependent 
coordinate transformation between the (Z,W,W*,R) and the x a . 

The exterior derivatives of (|12|) . 



dZ = Z a dx a + Wds + W*ds*, (13) 

dW = W a dx a + Sds + Rds*, 

dW* = W*dx a + Rds + S*ds*, 

dR = R a dx a + Tds + T*ds*, 

can be re-written as the Pfaffian system of four one-forms 
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P° = dZ- Wds - W*ds* = Z, a dx a , (14) 

/3+ = dW - Sds - Rds* = W, a dx a , 

P~ = dW* - Rds- S*ds* = W*, a dx a , 

(3 1 = dZ - Tds - T*ds* = R, a dx a . 

The vanishing of the four (3 l is equivalent to the PDE's of Eqs.(j2J), which 
motivates their definitions. For later use, we choose the equivalent set of 
one-forms, 



9° = (15) 

6+ = <5>a{(3 + + b[3-), 

0- = $ a (/T + b* 

1 = $(/5 1 + a /5 + + a^- + c/3 ). 

We refer to the set (a, b, b*, a, a*, c) as tetrad parameters and $ as a conformal 
parameter. For the moment they are undetermined functions of (S, S*) and 
their derivatives. Later, we uniquely determine (a, b, b*, a, a*, c) explicitly in 
terms of (S, S*) and impose conditions on $. 

Remark 2 Note that one could generalize the 6 % by including more param- 
eters, i.e., by taking linear combinations of the 9 l . We will not do so, as 
the above definitions of the 6 l are sufficient for our purposes. For the study 
of Cartan's equivalence problem for pairs of 2 nd order PDE's, the other pa- 
rameters are needed. In either case, however, (3° must be preserved up to 
scale. We will return to the issue of the other parameters in Section V in 
relationship to the Cartan normal conformal connection^. 

Remark 3 We impose two different conditions on $: (1) for intermediate 
or transitional use in the display of complicated expressions in the appendices 
we use $ = 1 and refer, in this case, to the 9's as 9's; (2) a more basic choice 
is for $ to satisfy a certain differential equation that simplifies the structure 
of the conformal metric defined below. (For this choice see section III.) We 
thus have that 

e i = <$>e\ (i6) 

for the non-trivial $. 
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From Eg. ([150. the dual basis vectors, e,, are 



e = $-\d z -cd R \ (17) 
^dw - b*d w * - (a - a*b*)d R 



e + = $ 



a(l - 66*) 
_ x cW* - &<9w - (a* - ab)d R 
a(l - bb*) 



From Ea.lfToT). 

By adding the forms 



= (18) 



r = ^, (19) 

9 s * = ds*, 

which are the duals to the vectors e's, Eq.flBJ), to the four 9 l defined above, we 
have a basis of one-forms on the six dimensional space (Z, W, W*, R, s, s*). 
We will refer to 9°, 9 + , 8~ , and 9 1 as the space-time set of one-forms, and 
we will refer to 9 s and 9 s * as fiber one-forms. We denote the space-time 
one-forms with the lower-case i, j, etc., and denote all six one- forms with the 
upper-case indices /, J, etc. Thus, 



9 i G {9°,9 + ,9-,9 1 }, (20) 
9 1 e {9 ,9 + ,9-,9\9 s ,9 s *}. (21) 

Note that, in general, a p-form with tetrad indices will have components 
in all six dimensions. For example, the one form ITj and the two-form T* will 
have the respective expansions 

nv = n i i/ / = n ! / + n , / + n ! JS ,r, (22) 

T = lr i JK 9 J A9 K , 



2 



-T jk 9 j A9 k + T : h JV A 9 s + T' ;V f/' A 9 s ' + T SS *9 S A 9 s 
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For later use, we construct a metric to make 9 l a null tetrad 



g{Z,W,W*,R,s,s*) 



e° ® e 1 + e 1 ® 0° - e + ® r - r ® 6> + , (23) 



This defines the constant flat metric 77^ as 



1 

1 









-1 






-1 





(24) 



From Eq. ffTTj) . it follows [TU1 ITT] that the metric g is Lorentzian. 

In addition, we also define the symmetric tensors Gij and G*j from the 
Lie derivatives of the metric in the e, and e s * directions: 



£e s g 

£e s *g 



GijO 1 



9\ 

j , 



and the exterior derivatives of the one-form basis by 



d6 l 



-a* JK e J a e K . 
2 



From this and 



£ es e i = e s \ d6 l 



we have that the GL- and the A* JK are related by 



(25) 



(26) 
(27) 



G 
G 



■1 j 



-2A {ij)s 



'j 



-2A 



(ij)s* ) 



where 



A 



JK 



JK- 



(28) 



(29) 



The expressions for both G^ and A* JK , in terms of S,S*,&, the tetrad 
parameters and their derivatives, are given in Appendix B. 
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3 The First Structure Equation 



We begin by inserting our one-forms, 9 l e {9°,9 + ,9 , into Cartan's 
torsion-free first structure equation, 

d9 i + u) A 9 j = 0. (30) 

Our goal now is to solve this equation for the connection one-forms, u l j. To 
do so, write 



<& = -A i JK 9 J A9 K , (31) 

Wij = LOijx9 K , (32) 

defining the A 1 JK and co^k- Note that 

u l k = r] lJ uj jk , (33) 

where rjij is the flat metric defined in Eq.(|24|). The structure equation then 
becomes 

l - A 1 JK 9 J A9 K + r] ij cu jkL 9 L A 9 k = 0. (34) 

Since we are interested the conformal geometry contained in the structure 
equation, we require that the connection one-forms be generalized Weyl con- 
nections ( "generalized" because of the extra degrees of freedom in the fiber 
directions, s and s*): 

UJij = U[ij]+U(ij), (35) 

U {ij) = VijA, 

where the one-form 

A = Ai9 l = A i 9 i + A S 9 S + A S *9 S * , (36) 

is the (generalized) Weyl one-form. 

In Eqs.flHiJ) we expressed our space-time tetrad, 9\ in terms of S, S*, 
and the unspecified tetrad parameters, (a, b, b*, a, a*, c) and $. Thus, we 
can explicitly compute the A 1 jk in terms of S, S*, the tetrad parameters, 
$ and their derivatives. (The explicit expressions for the A l JK , as we said 
earlier, are given in Appendix B.) Therefore, we will use Eq . (J34j) to solve for 
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the connection coefficients, Wyjf, in terms of the A 1 JK and the undetermined 
Aj. In doing so, we will find several things: i) the four space-time components 
of the Weyl-one form, Ai, remain arbitrary; it) the skew-symmetric part 
of the connection, uJuju and the fiber parts of the Weyl-one form, A s and 
A s *, are uniquely determined functions of S, S*, and $; Hi) the tetrad 
parameters are uniquely determined functions of S and S*\ and iv) there must 
be restrictions on the class of 2 nd order PDE's to which S and S* belong. The 
conditions of (iv) are known as the (generalized) Wunschmann condition and 
its complex-conjugate. (Note that when we say "Wunschmann condition", 
we often mean both the condition and its conjugate.) These conditions are 
complex differential equations in all six variables of our six-dimensional space, 
(Z, W, W\ R, s , s*). 

We begin by splitting the structure equation it into its fiber-fiber, tetrad- 
fiber, and tetrad-tetrad components. 

A. The fiber-fiber component contains no information since the term 
ujijK& K A Qi has no fiber-fiber parts and, (using direct calculation and in- 
tegrability conditions) 

A*„. = 0. (37) 

B. The tetrad-fiber parts of the structure equation are 



tUijs — Aij S , (38) 

^ijs* A ij s * . 

An important observation to make is that 

A ijs = A ijs - riij&^DQ, (39) 

where A k - S is defined by 

S l = ]^ i j K e J a e K . (40) 

Symmetrizing on in Eq.(|38p and using Eqs.()35p and (|39p yields 

raj A a = A {ij)s = A {ij)s - rjijQ^D®, (41) 
TjijAs* = A (ij) = A (j i)s » - 77 ij $" 1 D*$, 
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while the skew- symmetric parts gives 



u [ij]s = A [ij]s = A [ij]s , (42) 

&[ij]s* = A [ij]s* = A [ij]s*- 

Eqs.dHJ), uniquely determine A s and A s * in terms of S, S*, and $ as 

A s = ^A k ks = A s -^- 1 D^, (43) 
1 

4' 
1 



A s , = ^A k ks * = A s , - $ 1 D*<5>, 



A s = -A k ks . (44) 
In addition, the trace- free part of Eqs.(JJTJ), 

A ft?> ~ \vij^ k ks = A (ij)s - -%A* ks = 0, (45) 

A (ij) s * — -r]ijA h ks * = A (y) a * — -T]ijA k ks * = 0, 

imposes conditions on the S", 5* and determines uniquely the tetrad pa- 
rameters while $ remains undetermined. Alternatively, from Eq. (j28j) . i.e., 
Gij = — 2A(y) s , and by the definition 

Gij = -2A fe> , (46) 

we have 

G - = G y + 2 % $- 1 J D$, (47) 
from which we easily see that 

G% F = Gjf = 0, (48) 

where TF denotes the trace-free part. 

The details for analyzing Eqs. ()48|) are quite involved and will be given in 
appendix C. 

Theorem 1 From Eqs. fl^i| ) and the relationship between the A k s and the Gij, 
i.e., Eqs. we have the result 

£ es g = -2A s g, (49) 
£ e ,g = -2A s *g. 



12 



It follows from this theorem that the degenerate six- dimensional metric de- 
fined in Eq. \23\) yields a conformal four-metric in the solution space, with 
the motion along either e s or e s * generating the conformal re-scaling of the 
metric. 

Corollary 1 Up to this point $ has remained undetermined. There is how- 
ever, via Eq. \4^j} , a canonical way to chose it, namely by, 

£>$-jA\ s $ = 0, (50) 

d*$_Ia\ s *$ = 0, 

making A s = A s * = 0. We thus have that 

£ es g = o, (51) 

£e s *9 = 0. 

Remark 4 Note that the freedom in the solution of Eq. A5U\) for $ is an 

arbitrary multiplicative function (referred to as the conformal factor) w such 
that Dw = D*vj = 0, i.e., vj is an arbitrary function on the space of fibers 
(the solution space, 9Jt 4 ). The solution is thus of the form $ = tz7$ where 

$ = %[S, S*} = exp A k ks ds + A k ks «ds*). 

where the integral is taken along an arbitrary path from any initial point 
to the final point (s,s*). The needed integrability conditions are satisfied. 
Multiplication of the metric by w 2 is the ordinary conformal freedom, g =>- 
w 2 g. 

C. Returning to the tetrad-tetrad parts of the structure equations, we 
have that 

A mn ~\~ V J {^jnm ^jmn) = 0, (52) 

or 

U Hjk] = ^ijk- (53) 

From the tensor identity 

^ijk = ^{ij)k — ^(jk)i + ^{ki)j + <^i[jk] ~ i^k[ij] + ^j[ki], (54) 
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and Eqs. (j35|) and (|53|) . we obtain the tetrad-tetrad coefficients of the con- 
nection; 

u ijk = Vij A k - VjkA + r] ki Aj + ^(r] mi A m jk - r] mk A m {j + r] mj A m ki ). (55) 

This decomposes naturally into a Levi-Civita part 7^^ (which is independent 
of A*) plus a "Weyl" part, Uij k , i.e., 

^ijk = lijk + &ijki (56) 

lijk = ^(VmiA m jk -r) mk A m i:j + r] mj A rn kl ), (57) 
tiijk = ri ij A k -r] jk A i + r] ki A j . (58) 

For clarity of exposition we point out where different variables are hidden. 
First note that A imn can be decomposed, as in Eq. (f3T)|) . as 

A imn = A imn^ 1 + 2e [m $ • rj n] ^- 2 , (59) 

where A !mn is the same expression as Aj mn but with $ = 1. The Aj mn 
depends only on the (S, S*). This means that 7^, Eq. fjoTj) . also decomposes 
into terms that depend on the (S, S*) and the $. Since $ = zuQ [S, S*], 
with zv = to(x a ), an arbitrary function of x a , carried along. This gauge or 
conformal freedom will be discussed later. 

In summary, we have shown that Eqs. (}3"%j) and (|55|) completely determine 
the uiijK in terms of the A* jk and the undetermined space-time parts of A, 
i.e., A- 

3.1 A Theorem 

To conclude this section we return to the vanishing of the trace-free part of 
A aj) s or the trace-free part of A uj) s , i.e., to Eq. (jl3j) . They are nine complex 
equation for the determination of the tetrad parameters, (a, a, a*, b, b* , c). 
Thus either there must be several identities and/or conditions to be imposed 
on the S and S*. By explicitly solving these equations, (see Appendix C), 
the results can be summarized in the following theorem: 

Theorem 2 The torsion free condition on the connection: 

1. Uniquely determines the connection Uij, via Eqs.i5ol ) and 
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2. Uniquely determines the tetrad parameters in terms of S and S*, (see 
below). 

3. Imposes a (complex) condition, the vanishing of the Wiinschmann 
invariant, on S and S*, (see below) with the tetrad parameters given by 



+ S R S 



R 



(60) 



a = Ti^rn^ (61) 



a = 6- 1 6*- 1 (l-66*)- 2 (l + 66*){6* 2 (-D6 + 65' w -S , W r.) (62) 
+b{-D*b* + b*S^-S* w )}, 



Da + D*a* + T W + aa*(l + 666* + 6 2 6* 2 ) 



4 2(1 + bb*) 2 

1 + bb*)(bS* z + b*S z ) a(2ab - b*S w *) + a*(2a*b* - bS 



(63) 



+ 



U' ' 



2(1 -66*) 2 2(1 + 66*) 

and the differential (Wiinschmann) condition imposed on S and S* is 

M Db + bD*b + S w * - bS w + b 2 S* w , - b 3 S* w = 

1-66* ' [ ' 

4 The Cart an Curvatures 

In the previous section, we used the first structure equation, Eq. fpffij) . to 
algebraically solve for the components of a torsion-free connection defined 
with the symmetry 

U ij = + VijA (65) 

uniquely in terms of (S 1 , S*) and the undetermined A, and w. 

Our next goal is to compute the curvature two-forms, 0^-, defined by the 
second structure equation: 

dJ J +u i k Auj k j = 6 i j = jLM L A 9 M . (66) 
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By taking the exterior derivative of the first structure equation, Eq.(|3U]). 
with the second structure equation, Eq.(|66|). we obtain the first Bianchi 
identity: 

e .. A 0i = O & Q i[jLM] = 0. (67) 

Splitting this into its tetrad-tetrad, tetrad-fiber, and fiber-fiber parts, we 
have 



Qijkm ®ikmj Qimjk 0, (68) 

Qi[ jk ]s = 0, (69) 
Oijss* = 0, (70) 

The last two relations are due to the fact that the first two indices of O^lm 
are only 4- dimensional, whereas the last two are 6-dimensional. 

We calculate the 0^- as explicit functions of (S, S*) and the undetermined 
Ai and w. First, note that from Eqs.(|65|) and it is straightforward to 
see that the 0jj inherits the symmetry of the u^, and thus can be written as 

©ij = &[ij] + VijdA, (71) 

with 

dA = ^(dA) LM e L A9 M . (72) 

(This defines the components (gL4)lm-) 

Next, we split the components ©^xm into tetrad-tetrad parts, Qijkm, and 
tetrad-fiber parts, Qijks- (The fiber-fiber parts are identically zero from the 
first Bianchi identity). We first calculate the Qijkm, which can be split into 
terms arising from the Levi-Civita part of the connection and terms arising 
from the Weyl part of the connection. These are denoted respectively by 
^■[ij][km] and Qij[km], 



6ij[fcm] — ^[i?'][fcm] "I" ©ij[fcm] > (^3) 
= $t[ij][km] + ©[ij][fcm] + Vij(dA)[k m ]. 

The 3?[y][fcm] are the components of the standard Riemann tensor of the (Levi- 
Civita) jijk connection. 
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The Q[ij][km] depends on A and its derivatives. Denoting the covariant 
derivative associated with the Levi-Civita connection 7^, by Vj, we have 

V i A j = e i {A } )- lhji A k , (74) 

and 

(dA) {j = 2V [i A /] . (75) 
©[ij][jfem] can J thus, be written as 

-©[ij][fcm] = ??j[fcV m ]Aj — 77i[fcV TO ]Aj + A 2 r]j[ k r] m ] { (76) 
-\-AjT]i^A m ] — Air]j^A m j, 

where A 2 = A m A m . 
Defining 

Rjm = f] ©jjfcmi (^7) 

and using Eqs.(|75J) and (|75jl. we obtain 

= %m) - %m V p A P - 2{ V( m A,") + Tjj m A 2 - AjA m } + 4Vy An] , (78) 

where the JHy m ) are the components of the Ricci tensor of the 7^. 
If we also let 

R = rj jm R jm , (79) 

then from Eq. (J78|) . we obtain 

i? = 3? - 6{V P A P + A}, (80) 

where 9^ is the standard Ricci scalar. 
The tetrad- fiber part of Oij, which is 

Qijks = r)ij{dA) ks + r] ik (dA) js - rj jk (dA) is , (81) 
will be derived below. 
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4.1 The First Cartan Curvature 

The Cartan first curvature two-form is given by 

fty = 9 y + *iA r? ifc 6> fc + ^ fc A - rnj^k A 6 k , (82) 
where the (Ricci) one-forms are appropriately chosen so that 

^ij = 2^ijLhid L A 9 M , (83) 
satisfies the following conditions 





^[ij]kmi 


(84) 




= o, 


(85) 


^ijks 


= 0. 


(86) 



Note, from its definition, that f^- also satisfies the first Bianchi identity, 
Eq.dHZD, i.e., 

n {j a e j = o. (87) 

It is straightforward to show that the conditions Eqs. (J%3J) . (J%5|) and (jHEj) 
are satisfied uniquely by the one-form 

*i = = + + V is *6 s * , (88) 

with 
and 

= -{dA) is , (90) 
= -(dA) is *. 

From Eqs.flli]), (jg^l and (fggjl . we find Eq.JH3J,i.e., 

= T]ij(dA) ks + 7] ik (dA) js - rj jk (dA) is . 
Using Eqs.jTEJ) and ©, we obtain 

= % - V[<Aj] - 2{V (i A J - ) + ~%A 2 - AiAi}, (91) 
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with 

% = ^m~l^)- (92) 

By using Eq.(|9~Tj). we can insert the above expression into Eq. (JE2J), 
yielding 

^ijkm ^-ijkm ^]kj^im 1]ki^>ijm ^Imi^jk ^Imj^iki (93) 

which is manifestly independent of the A{. Furthermore, using Eq. ()92j) . we 
recover the standard definition of the Weyl tensor, 

^ijkm Cjj'fcm- (94) 

4.2 Second Cartan Curvature 

Finally, we define the second Cartan curvature (with the covariant exterior 
derivative D) of the one- form as 

a = d% + V k Auj k i = W h (95) 

= -^ijK^ 3 A 6> A . 

Using Eq. ()88|) in the above, we obtain, after a lengthy calculation, the simple 
results 



and 



^•imn V*^Cjj mTl -|- A? Cijrnm (96) 

^ims 0, (97) 

^iss* 0* 

V- 7 again is the Levi-Civita covariant derivative. 

In section VI, the two Cartan curvatures will be used to construct the 
curvature of a conformal normal Cartan connection. 



5 Synopsis 

Since so many different quantities and their symbols have been introduced, we 
have added a few essentially pedagogical remarks concerning the placement 
of different variables and where the conformal transformation acts. 
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First we return to the definitions of 9 l , i.e., Eq. (jl5|) and write them (and 
their related duals) as 

9 i = ®6\ (98) 
ei = Q- 1 ^, (99) 

and observe that A l JK and A JK and their relationship, Eqs. ljHD^l and (jSHJ), 
arise from 

d 9 i = - A l JK 9 3 A6 K & d (P = -A % JK 9 j A 9 K . (100) 
The action of $, taking 9 l =>■ 9 % , takes the metric 

where g and ~g both depend, in general, on (s, s*). However when we make 
the special choice $ = zu&o, Eq. (j50|) . the resulting g is then a function on 
9Jt 4 alone. What remains is the standard conformal freedom that is given by 
the choice of w{x a ). Whenever, in any expression, zu(x a ), is changed, 

w (x a ) f{x a )w{x a ), (102) 

that change constitutes the effect of the conformal transformation. 

All the further geometric quantities (the connection and different curva- 
tures) developed and defined via the structure equations, contain the fol- 
lowing quantities: our basic variables (5,5*), the four arbitrary space-time 
components of the Weyl one-form A = Ai9 l where A s = 0, and the conformal 
factor zu(x a ). 

We give a brief survey of where these quantities appear: 

a. All A ijX and Aj JS depend only on (5,5*), while Ay^depends on 
(5, S*,w). It is an easy task to see how Ay*, transforms when vj is changed. 

b. Since Uij S = Aj JS , it thus depend only on (5, 5*). 

c. All the quantities (5, 5*, A4, w) appear in the connection one-forms 
Uijk, which can be split into 

<^ijk — lijk + &ijk, (103) 

where the Levi-Civita part, 7^, depends only on (S,S*,tn) while de- 
pends only on the A^. 
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d. The curvature Qij[k m ] splits into two parts 

9ij[H = $t[ij}[km] + @ij[fcm], (104) 

where the (standard) Riemann curvature §ft[y][fe m ] depends on (S,S*,zu) and 
®ij[km] depends on everything. 

e. The first Cartan curvature two-form, Sly, is the Weyl tensor, Cij mn , 
and depends only on (S, S*,zu). 

f. The second Cartan curvature two-form, 

^\{^C imik + A-C imjk} Vr,e\ (105) 

depends on everything, though the A4 appears explicitly just in the linear 
term. 

g. Though the Ricci one-forms, 

vi', A>, () 1 ■ A>,jr ■ % s *e s \ (106) 

depend on everything, their separate parts do not. \I> is depends only on the 
Ai. From 

^ij = % - V^Aj] - 2{V {i A 3) + ^ Vij A 2 - AM, (107) 

we have that &y depends only on (S,S*,zu) while the remaining terms de- 
pends on everything. 

Whenever a geometric quantity depended only on (S,S*,zu) we could 
have said it depended on the Levi-Civita connection obtained from the metric 
g = zu 2 ^l'g, Eq.(j2HJ), and referred to it as a conformal covariant. 
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6 Unification: Cartan's Normal Conformal 



Connection 

From a pair of 2 nd order PDE's satisfying the Wunschmann condition we 
derived a rich geometric structure on the four-dimensional solution space of 
the PDE's. This structure includes: a conformal metric, a torsion-free con- 
nection and several different curvature tensors. Though it is not obvious, and 
the starting point of view is quite different, we are following Kobavashi's|16j 
development of Cartan's theory of normal conformal connections via the 
three structure equations, Eqs.([3(J|). and and the Ricci one-forms, 
Eq.flEED- 

We now show that, basically, we have, in fact, recovered a (15 dimen- 
sional) principle bundle P over SOt 4 with group H = CO(l,3) <S> S T* and 
a Cartan normal conformal connection with values in the Lie algebra of 
0(4,2). The group H = C0(l,3) ® s T* is an 11-dimensional subgroup of 
0(4:, 2) with T* a four-dimensional translation group. More specifically 
we have recovered a six-dimensional subbundle, J 6 , of this 15-dimensional 
Cartan bundle. The base space is the four-dimensional solution space QJt 4 
and the two-dimensional fibers are formed by the integral curves of D and 
D*. 

We began with the pair of 2nd order PDE's (that satisfy the Wunschmann 
condition) and a set of four associated one-forms, 9 % , plus the two fiber one- 
forms, (ds, ds*), on the six- dimensional space J 6 . We then found the connec- 
tion 

u ij = u [ij] + Ar)ij, 
satisfying the first (torsion-free) structure equation 

d9 i + u) A 9 j = 0, (108) 

where A s = A s * = and the four A4 are arbitrary. The first-Cartan curvature 
two-form was found via the second structure equation 



n 



, , = du tj + r] kl tu ik A Uij + 7]u9 l A ^ + * ; A 6% 7 - ^* fc A 6 k (109) 
= \c ijlm e l A9 m , (110) 
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with the proper choice of the Ricci one-forms Eq.(|88|). Finally the last 
structure equation and second-Cartan curvature two-form were introduced 
by 



a- 



D^i = d^i + rf^i A 



— ('V' 1 Cij mn -\- A 1 Cij mn )9 A 9 . 



Ill) 
112) 



The question or issue is what is the meaning of these resulting structures? 
These equations can be unified in the following fashion: we first group 
together the fifteen one-forms 



uJ 



(9\ u m , A, Ug, (113) 
as the "Cartan connection" , represented by the 6x6 matrix of one-forms, 



cu A B 



-A % 

9 l V tkuJ [kj] rf^j 
THjQj A 



(114) 



and the curvature two-forms, (T J is the vanishing torsion) 

R= (T J = 0,n i J -,f2 i ), (115) 
as the "Cartan curvature" , represented by the 6x6 matrix of two-forms, 



R A 



B 



fii 
tt l j if 'il j 











(116) 



One can then see, by a straightforward calculation, thatremarkably the three 
structure equations Eqs. QlOHjh ()109|) and (jlllj) are all encompassed in the 
single Cartan structure equation 



R B 



duj A B + A u° B . 



117) 



One finds that the one and two-form matrices uj\ and R A B take their values 
in the Lie algebra of the fifteen parameter group 0(4, 2)PB], though as forms 
they are in the six-space J 6 . The 0(4, 2) Lie algebra is graded as 



0(4,2)'= 0^ + 00 +0i 
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with 



O j e 0-1 , 9 



(118) 



(A, u\) & n\ e So , 



Aside from the fact that the dimension count is not correct, i.e., the fibers 
are two-dimensional and are not the needed eleven dimensions, we have all 
the conditions for a Cartan 0(4,2) normal conformal connection [IB] . In 
addition to the correct Lie algebra, we have: the three structure equations, 
Eqs. fllOSj) . (jl()9j) and piljl . zero torsion, a trace- free first Cartan curvature 
Qij (the Weyl tensor) and a second Cartan curvature f2j with the correct 
structure, i.e., vanishing fiber parts. It is clear that we are dealing with a six- 
dimensional subbundle of the full 15-dimensional bundle. The fibers should 
be coordinatized by the 11-dimensional subgroup H = CO (3, 1) ® s T* 4 of 
0(4, 2). The question is where and what are the missing coordinates needed 
to describe HI 

The eleven coordinates (or parameters) must be such that when acting on 
the conformal metric, Eq.(]23]). it is left conformally unchanged. Actually we 
already have seven parameters, namely (s,s*, w, Aj); we have from Eq.()51|). 
that variations in s and s* or multiplication by w leaves Eq. (j2B|) conformally 
unchanged. The Ai have no relationship with the metric. 

The other four parameters could be chosen as follows: 

a) Rescaling 9 + and 9~ respectively, by e*^ and e - *^ leaves Eq. (j23|) un- 
changed. (The parameters (s,s*,ip) describe 0(3) transformations.) 

b) One could take three-parameter, (7,7*,//), linear combinations of the 
four 9 l that constitute Lorentz transformations with no change in the metric. 
For example, we could have the (9°, 9 1 ) boost, 



9 




(119) 



and the null rotations given by, 




9 + + 1 9 Q 1 
9~+j*9°, 

9 1 + 1 9~ +7*# + + 77*# 0+ . 



(120) 
(121) 
(122) 
(123) 
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The seven (s, s*, ip, 7, 7*, /i, w) parametrize the conformal Lorentz group, 
CO(3, 1) while A4 parametrize T* 4 . With the exception of (s, s*) all the re- 
maining parameters, (ip, 7, 7*, fj,, w, Ai), are chosen as arbitrary functions on 

It would have been possible to start with a generalized version of the 9 l 
[see remark #2] so that all eleven parameters in our equations appeared at 
the start. In the present work, we have effectively taken a six-dimensional 
subbundle (two-dimensional fibers) by choosing 7 = 7* = if) = 0, /i = 1, with 
w an arbitrary but given function on 9Jt 4 and A{ four arbitrary functions on 
J 6 . Since the A{ are arbitrary it is possible (and probably more attractive) 
to choose them to also be functions just on 97t 4 . Only the (s, s*) can vary on 
each fiber. 

7 Conclusion 

The work presented here addresses the issue of how four-dimensional differen- 
tial geometry can be coded into pairs of 2 nd order PDE's. More specifically, 
we have shown how all Cartan 0(4, 2) normal conformal connections can 
be so coded. Our ultimate goal, however, is a step beyond this; we want 
to know how to code the conformal Einstein equations into such pairs of 
2 nd order PDE's. This would mean further conditions, over and above the 
Wiinschmann condition, on the choice of the S and S*. Though at the present 
time we do not know the details of these 'further conditions'. Nevertheless, 
there is a clear strategy for their determination. 

It appears that they can be expressed as the vanishing of two (or three) 
different functionals of S(Z, Z s , Z s *, Z ss », s, s*) and S*(Z, Z s , Z s *. Z ss *, s, s*). 
These functionals can be derived from the vanishing of the Bach tensor jTTj 
and an algebraic restriction on the Cartan curvature i.e., from 

V m V n C ma b n + -R mn C ma b n = 0, (124) 
C ef9h [C efgh V d C cdab -AV d C efgd C chab } = 0. (125) 

It is known that both the vanishing of the Bach tensor, Eq. (jl24|) . and this 
restriction on the Cartan curvature, Eq. (jl25|) . yields metrics that are confor- 
mally related to vacuum Einstein metrics. It seems very likely that in the 
context of the Cartan connection these tensor equations, with their many 
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components, can be reduced to simply two (or three) equations for the S 
and S*. 

At the moment, the problem appears to be algebraically quite formidable, 
however, with computer algebra available, it seems to be manageable. Work 
on the problem has begun. 

8 Acknowledgments 

We happily acknowledge, with many thanks, the help and knowledge given to 
us by Pawel Nurowski. ETN and KP thank the National Science Foundation 
for support under Grants No. 0088951 and 0244513. CK and EG thank 
CONICET and the NSF for financial assistance. 

References 

[1] M.A.Tresse, Determination des Invariantes Ponctuels de VEquation Dif- 
ferentielle du Second Ordre y" = u(x,y,y'), Hirzel, Leipzig (1896). 

[2] M.A. Tresse, Sur les Invariants Differentiels des Groupes Continus de 
Transformations, Acta Math 18, 1 (1894). 

[3] S. Lie, Klassifikation und Integration von gewohnlichen Differentialgle- 
ichungen zwischen x, y , die eine Gruppe von Transformationen gestat- 
ten III, in Gesammelte Abhandlungen, Vol. 5, Teubner, Leipzig (1924). 

[4] E. Cartan, Sur les Varietes a Connection Projective, Bull. Soc. Math. 
France 52, 205 (1924); Oeuvres III, 1, N70, 825, Paris, (1955). 

[5] E. Cartan, Les Espaces Generalises e L 'integration de Certaines Classes 
d'Equations Differentielles, C. R. Acad. Sci., 206 , 1425 (1938). 

[6] E. Cartan, La Geometria de las Ecuaciones Diferenciales de Tercer Or- 
den, Rev. Mat. Hispano-Amer. 4, 1, (1941). 

[7] E. Cartan, Sur une Classe d Espaces de Weyl, Ann. Sc. Ec. Norm. Sup., 
3e serie 60, 1 (1943). 



26 



[8] S-S. Chern, The Geometry of the Differential Equation y'" = 
F(x,y,y',y"), in Selected Papers, Springer- Verlag, (1978), original 
(1940) 

[9] K. Wiinschmann, Uber Beriihrungsbedingungen bei Integralkurven von 
Differentialgleichungen, Inaug. Dissert., Teubner, Leipzig (1905). 

[10] C. N. Kozameh, E.T. Newman, Theory of Light Cone Cuts of Null In- 
finity, J. Math. Phys., 24, 2481 (1983). 

[11] S. Frittelli, N. Kamran, E.T. Newman, Differential Equations and Con- 
formal Geometry, Journal of Geometry and Physics, 43 , 133 (2002). 

[12] S. Frittelli, C. Kozameh, E T.Newman, P. Nurowski, Cartan Normal Con- 
formal Connections from Differential Equations, Class. Quantum Grav. 
19, 5235 (2002). 

[13] S. Frittelli, C. Kozameh, E.T. Newman, Dynamics of Light-Cone Cuts 
of Null Infinity, Phys. Rev. D. 56, 4729 (1997). 

[14] S. Frittelli, C. N. Kozameh, E.T. Newman, GR via Characteristic Sur- 
faces, J. Math. Phys. 36, 4984 (1995). 

[15] S. Frittelli, C. Kozameh, E.T. Newman, Differential Geometry from 
Differential Equations, Communications in Mathematical Physics, 223, 
p.383 (2001). 

[16] S. Kobayashi, Transformation Groups in Differential Geometry, 
Springer- Verlag, Berlin, Heidelberg, New York (1970) 

[17] M. Korzynski, J. Lewandowski, The Normal Conformal Cartan Connec- 
tion and the Bach Tensor" , Class. Quantum Grav. 20, No 16, p. 3745- 
3764, (2003) 

[18] Merkulov S A , A Conformally Invariant Theory of Gravitation and 
Electromagnetism, Class. Quantum. Grav 1, p. 349-354, (1984) 

[19] C. Kozameh, E.T. Newman, P. Nurowski, Conformal Einstein equations 
and Cartan conformal connection, Class. Quantum Grav. 20, No 14, 
p.3029-3035, (2003). 



27 



9 Appendices 

In appendix A we give the relationship between the hatted and unhatted 
quantities and then explicitly display the hatted quantities in appendix B. 
In appendix C we find the tetrad parameters as functions of (S, S*). 

9.1 Appendix 

The expressions for the A's, the G's and the u's are most easily expressed 
through their hatted counterparts. The relations between the hatted and 



unhatted quantities are given by: 

A ijs = Aijs-rnj^D®, (126) 

A ijk = A yl $^ + 2e b $r? fc]l $- 2 , (127) 

= G^ + 2 % $- 1 J D$, (128) 

uJijk = u^- 1 + 2%$ • r} i]k $~ 2 , (129) 

oJijs = Uijs-rjijQ^D®, (130) 
u ijs , = u)ij s * - 

A S I h * S ^~ 2ah | a*(l + 666* + 6 2 6* 2 ) 

As ~ ~2 Sw+ (1 + 66*) + 2(1 + 66*)* ^^-0.(131) 

Ai = A&- 1 (132) 



They are easily derived from their definitions, (Sees. II and III) using 
the two different choices of <&,($ = 1 and $ = vj&q). Note that from the 
differential equation for <E>, Eq. (|5U|l . we have that 

<$>- l D<$> = -K k ks . 
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In the next appendix the hatted quantities (A, G , Q) are explicitly 
displayed as functions of (S, S*, Aj), leading to the expressions for (A, G, 
uj) in terms of (S, S*, A^w). 

9.2 Appendix 

Defining the quantities 



7 = 1-bb*, (133) 

a = a-b*a*, (134) 

C = a R -b*a* R . (135) 

and 

h + = e + + b*e_, (136) 

(noting that A" jk and G*j can be obtained by complex conjugation) we 
have the three sets, (A, G , uj): 
I. The A 's: 
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A . = — 

ary 

b* 

cry' 

A 

07' 

e (lna) , 

7 

e (b) 

7 

0, 

a(6c - e (S)), 
a(c-be (S*)), 

e_(ma), 

7 

ab*b R - ^a R 

0:7 

- (ln a) + t,06 - a ^ (S) + 6g , 

7 

-6 fl 



7 

-£>& - c*7e_(S) + ba* 
7 

-D*6-a76e_(,g*) + a* 

7 

-a(b + S R ), 
-a(l + bS* R ), 
0, 
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e (a*) - be (a) 
-e_(c) + , 

-De + a*c - e (T) - ae (S), 
-L>*c + ac - e (T*) - a£e(S*), 
h + (a*) - h-(a) 

0:7 ' 

. /m , b*Da* — Da — c + a*a 
-(e + (T) + ae+(5)) + 



-(e + (T*) + <e(S*)) + 



«7 

6*(£>*a* + c) - L>*a + aa 



0:7 

-c* 



«7 

-(e_(T) + ae_(5)) + , 

«7 

, „ m „ bD*a — D*a* — c + aa* 
-(e_(T*) + a*_e(S*)) + 



«7 

~(Tr + a* + ciSfi), 
-(T* R + a + a*S R ), 
= 0. 
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Goo = 2(Dc + aS z + T z -c(aS R + T R + a*)), (139) 
G 0+ = a- 1 (l-bb*)- 1 {a?(l-bb*)[c(l + b*S R )-b*S z ] 

-b*(Da* - aa*S R + aS w * - (a*) 2 + T w « - a*T R ) 

+Da + c + T w + aSw — aT R — a 2 S R — aa*}, 

G - = a' 1 {l-bb*)- 1 {a 2 {l-bb*)[c{b + S R ) - S z ] 

—b(c + Da — aT R — aa* — a 2 S R + aSw + T w ) 
+Da* + T w * + aSw* ~ o,*T R — aa*S R — (a*) 2 }, 

Gqi = a* + aS R + Tr, 

G ++ = -2(l-bb*)- 1 {b*(a*-b*S w *+a*b*S R -aS R + S w ) + Db*-a}, 
G+_ = a- 1 (l-66*)- 1 {(l-66*)[a(a* - S w + aS R ) - 2Da\ + aD(bb*)}, 

G+i = a~ 1 (l-66*)" 1 {l-a 2 (l-^*)(l + ^^)} ) 

= -2 (l-bfe*)- 1 {6(a6-a* + a^-^) + J D&-a*^ + ^}, 

G_i = a- 1 (l-fe6*)- 1 {-fe-a 2 (l-66*)(fe + 5 il )}, 

Gn = 0. 

III. The u 's: 



£ 0+ = {e + (c) + ^ = g ° (a) }^ + {A + - + ^+(140) 

0:7 2cry 7 

+{Ao + 2 7 (i + W) }d 

7 c - b *s z (i + _ y 7C + ^(i + wr) g,^ 



a 7 2 a 7 2 



tooi = c R 6 + {A + + 7 ^}9+ + {A_ + 7 f^}9- + 2A 1 6 l 

2cry 2a 7 

+2A s e s + 2A s *e s *, 

uj w = -a) i + 2A, 
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6ge(6) - 6e (6*) a7(fe_(a)-fe + (a*)) go 

= { - Ao + — 2^ — + — wtw) — }d 

H | bb* R -b*b R ^ &_(&*) (3 + bb*)e + (bb*) ~ 
~ {Al + 2 7 } ^ +{ 7~ + 2 7 (1 + ^) }0 

1 7 2 7 (l + 66*) 1 

7(^ + 2^) + a*(3 + 66*) _ ab(l + 3bb*) ~ 

* 4 2(1 + 66*) ' 

7^. + (a-2^»)(3 + 66*) _ a*b*(l + 3bb*) ~. 

1 4 2(1 + 66*) 1 ' 

a)_ + = — — 2A, 



: 1 I 7_ 7_ * ' 



1 + 66* 1 + 66* 



9.3 Appendix 

In this appendix, which is long and very complicated but given for com- 
pleteness, we obtain the tetrad parameters and conditions on S and S* that 
uniquely determine our torsion free connection. The vanishing of the trace 
free part of ^Uj) s , i-e., conditions (SHJ), gives 



Got + G + _ = G* 01 + G* + _ = 0, (141) 
G ZJ = G*. = 0, for £{(0,1), (+,-)}. (142) 

The explicit expressions for G^ given in the previous appendix are used to 
i) solve for the tetrad parameters and ii) derive the Wiinschmann condition. 
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In what follows, we will often encounter pairs of equations that are complex- 
conjugate to one another. In these instances, we will list only one of the 
equations and imply the other. When we want to refer to the conjugate of 
a listed equation, we will write the listed equation's reference number with a 
super-script (*). 

We start with the equations G + \ = 0, G_i = 0, G* +1 = 0, and G*_ t = 0, 
which depend only on b, b*, and a. They are four equations for three variables 
that satisfy an identity. From G+\ = and G*_ Y = 0, we have 

b*S R = bS* R . (143) 

Next, using G*_ 1 = and G-\ = to eliminate a 2 , we obtain 



•1 + ^/1- S R S* R 



(144) 



(We have chosen the positive root since we want b to vanish when S vanishes.) 
One sees that b* is the complex conjugate of b. It is useful to invert Eqs. (jl44|) 
and (|144f ). yielding 

s: - 2b " 



R 1 + bb* 
From Eq. (jl45j) and G +1 = 0, we find 



. 2 



a 



1 + bb* 
(l-bb*) 2 



(146) 



All four equations, {G+i = 0, G-\ = 0, G* +1 = 0, G*_ 1 = 0}, are satisfied by 
Eqs.flHU), (CM) and (fT?H|l. 

Our next step is to determine a, a*, and the Wiinschmann condition from 

the equations G i + G+- = 0, G ++ = 0, G = 0, and their conjugates. From 

this set of six equations we will be able to solve for (a, a*), find restrictions 
on ( S,S*) and obtain further identities. 

We first state some useful relationships. Taking D of Eq. (jl4fij) we have, 
after some simplification, 

_ aD(bb*)(3 + bb*) 

2(1 + &&*)(! -&&*)' 1 ' 
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Next, (see Eq.flHJ)) we find T R = T R [Db, Db*, b, S] and T* R = T* R [Db, Db*,b, S]. 
By first taking D* of Eo.([Tik|l and L> of Eq.flHSf), i.e., 

^(^) = D *(t^)> ( 148 ) 

-26* 
= D( —), 

then using, Eq.®, to commute the /^-derivative and the fiber- derivative, 
we obtain two equations containing Tr and T R . After simplifying with 
Eqs. f|145|) . they become 



46(£>6* - b* 2 Db) 2(6 2 D*b* - D*b + 2b 2 S^) .. . 
H ~ 'l + 66*)(l-66*) 2 + (1 - 66*) 2 " J,)) 

^(1 + 66*) 2 2(1 + bb*)(b*S w * +bs* w : 



bb*) 2 (1 - bb*) 2 



We are now in a position to find a, a*, and the Wiinschmann condition. 
First, from G i + G + _ = and Gj$i + G* + _ = 0, we solve for a and a*. With 
the aid of Eqs. (jl47J) . (jl49j) and their conjugates, we find 

(1 + bb*)[b* 2 Db + Db* + D*(bb*) + (1 - bb*)(b*S w + &gjjy)j 
°" (l-66*)3 ' (15Uj 

When they are inserted into G = 0, we find that S must obey the differ- 
ential condition 

n j _ Db + bD*b + Sw* - bSw + b 2 S* w « - b 3 S* w 

M ~ 1-66* " U ' (i5ij 

where 6 is the known expression in terms of S and S*. The expression 
M = M[Db, D*b, b] is known as the generalized Wiinschmann invariant. Its 
vanishing is the condition on the S and S*, i.e., on the original pair of PDE's, 
for the existence of a torsion-free connection. 

This condition tells us that this invariant must vanish if we are to find a 
non-trivial torsion free connection. By substituting Db*, from the Wiinschmann 
invariant and its conjugate, into Eqs. (jl50|) and (|150f ). our expression for a 
becomes 
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ft-V-^l - bb*)- 2 (l + bb*){b* 2 (M -Db + bS w - S w *) (152) 
+b{M* - D*b* + b*S w , - S* w )}. 



or, with M = M* = 0, we have 



a = b- l b*- l {l-bb*)- 2 {l + bb*){b* 2 {bS w - Db- S w *) (153) 
+b(b*S* w *-D*b*-S* w )}. 

Summarizing our results so far; we have obtained the five tetrad parame- 
ters, (b, b*, a, a, a*), as well as the Wunschmann condition in terms of S and 
S*. The search for the last parameter, i.e., c, is the most interesting and at 
the same time the most difficult part of the construction. 

There are four equations, namely, G 0+ = 0, G _ = , Gq+ = 0, and 
Gq_ = 0, for c. As we will see below, three of those equations become 
identities once we algebraically solve for c. It is, however, instructive to keep 
the Wunschmann invariant different from zero when solving the equations. 
We then explicitly show how its vanishing yields a unique solution for c, 
as well satisfying the remaining identities among the Gi/s. Thus, for the 
subsequent calculations, M is left in the equations. We begin by 

Db = M + bS w -S w * + ^ S 154 

1 + oo* 

Db* = b*(b*S w * - S w ) - bM* + (1 ~ bb pjl~ ^ ■ (155) 

Next, we insert the left-hand sides of Eqs. (| 154)1 . (j!55j) . and their con- 
jugates into Eqs. (ITIHl) and (JHf) to find T R = T R [a,b;M] and T R = 
T R [a, 6; M\. The result is 

2(3ab-b*S w *) 2a*(l + 4bb* + b 2 b* 2 ) 
T R = (r + S w )+ 1 + bff {rfwy2 , (156) 

where r = t[M] (which vanishes with M) is given below. 

Third, using the integrability condition, one shows that the vectors D 
and D* commute. In particular, 



36 



DD*b = D*Db, (157) 
DD*b* = D*Db*. 

Thus by taking the appropriate fiber-derivatives of the four Eqs. f|154l ), 
G5H"), IfTSSjl . and {EST), simplifying with Eqs.flHJ), JEU, (ffSEI), and their 
conjugates, and by using the Eqs. ()157J) . we obtain two equations containing 
Da, D*a, Da*, and D*a*. They can be solved for Da* = Da*[Da, D*a*] and 
D*a = D*a[Da, D*a*] to find 

Da* = (T + a*S w - a* 2 - T w .) + (158) 
&(£>a - L>*a* + TV - T^. + 4aa*) - 2a*6*S w * 



(1 + bb*) 

aS w *{\ + 6 2 6* 2 ) + 2b 2 (2a 2 + o^*,) 
(1 + 66*) 2 

The term T = T[DM, D*M, M], which vanishes with M, is given below. 
Finally, in addition to Eq. (jl58|) above, we can use the integrability condition 
to derive another identity on the fiber-derivatives of a and a*. We begin by 
taking D* of Ea. (fT5fiJ) : 

n*(T^ n *„_ , c a , 2(3ab-b*S w *) 2a* (1 + 466* + b 2 b* 2 ) ^ 
D(T R )=D[(r + S w )+ i + w ]. (159) 

On the left-hand side, we use Eq.flJJf) to commute the R -derivative and the 
fiber-derivative so that we obtain the term Ur = 8r(D*T), where 

U = D*T = D* 2 S = D 2 S* = DT* (160) 

denotes the integrability condition. We can then solve this equation for Ur. 
Refer to the Ur that we obtain in this manner as U R . In a similar manner, 
we can obtain U^ by taking D of Eq. (|156f ). Then equate U^ and U R 2 \ 
from which we find an identity on Da and D*a*. With the use of Eqs.fJHJ), 
()145j) . ()154|) . Ijl55j) . (|158jl . and their conjugates this identity becomes 

(T-r + Da- D*a* + T W - T^) + 2(1 + ~ ^ (161) 

4(a* 2 6* - a 2 6) + 2(ab*S w . - a*bS^) _ 
+ 1 + 66* ~ 
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The terms T = T[DM, D*M, M] and its conjugate vanish with M and are 
given below. We are now in a position to find c from the four equations 
G + = 0, G - = 0, G* Q+ = 0, and G* Q _ = . We algebraically solve each 
of the four equations for c, calling each solution cW. Next, we replace Sr , 
a 2 , T R , and Da* by Eqs. flUSj) , (fHBT). (fTHoT). and (jTKHl) . and use Ea. (fW| 
to simplify. Finally, we separate each into a piece that contains all terms 
with the Wiinschmann condition and its fiber-derivatives, namely and 
another piece that contains no Wiinschmann terms, namely so that 
has the form 

for all i. It is straightforward to verify that the four are real and equal. 
Imposing the Wiinschmann condition, M = M* = 0, so that the £W = o, 
then <7« = c (i) = c, and we have our final expression for c, namely 



Da + D*a* + T W + Tfr. aa*(l + 666* + b 2 b* 2 ) 

(Ibz) 



*\2 



4 2(1 + 66 

[1 + bb*)(bS* z + b*S z ) a(2ab - b*S w *) + a*(2a*b* - bS^) 



2(1 -bb*) 2 2(1 + 66*) 

Had the Wiinschmann invariant been nonvanishing the whole construc- 
tion obviously would have failed. Having determined all the tetrad param- 
eters, we still have to verify that Goo = and Gq = 0. By inspection, we 
see that these equations contain fiber-derivatives of c. In fact, by explicitly 
taking these fiber derivatives on c, we find that G 00 = and Gq = are 
identically satisfied. We see this in the following fashion: 

From Eqs.fllSHl), lfI5Bh. (fTKTl ) and 1|IE2|) . we find 



n* * c q rp , 2a*(2a6-6*,y*) 

Da = a bw — abw* — J-w* H r; (lod) 

1 + 66* 

S z (l + 66*) 2 a* 2 (l + 666* + 6 2 6* 2 ) 
+ (1 - 66*) 2 (1 + 66*) 2 ' 



Da 



+ 



-(2c + tv; 

26* 5z(l j 
1-66 



+ 



2a(2a6- 6**V0 



66*) 



1 + 66* 

aa*(l + 666* + 6 2 6* 2 ) 



(164) 



*\2 



'1 + 66 



*\2 
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By taking D* of Eq. (|163|) and D of Eq. (J164n . subtracting them and using 
the commutability of D and D*, we have 



n q T q , 2c(2ab-b*S w *) ca*(l + 6bb* + b 2 b* 2 ) 

Dc = cS w -T z -aS z + + , (165) 

which is equivalent to Goo = 0. 

Note that in the above analysis we have used the following expressions, 
all of which vanish when M = M* = : 



r = 2(&V-&V), 

T = 2bp + 2(1 + bb*)- 1 {/i(l - bb*) + u[a*b* + a{l-bb* - b 2 b* 2 )} 

+&V (1 - bb*) + b 2 v*[ab + a*(l - bb* - b 2 b* 2 )]}, 
T = -b*[4fi + 2u(2abb* + a*b* + 3o)], 



& = ^ = 6{ /U *(l-66*) + &*p+i//*[a*(3-26 2 6* 2 )-a6]} 
+~&V(a-a*&*), 



6 = CI = ^{Ml-^*) + ^P+^K2 + ^-26V 2 )-a*66* 2 ]} 
+ ifez/*(a* - a&), 

where 

/i = 2" 1 (l-to*)" 3 (l + bfe*){(b*DM + D*M) 
+M(6* 2 ^, - 2&*SW - 265^ + S^.)}, 
p = -2 _1 (1 - bb*y 2 (l + bb*)MM*, 
v = [l-bb*)- l {l + bb*)- l M. 
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